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Abstract 
For bipartite graphs G1,G2 . . . . .  Gk, the bipartite Ramsey number b(GI,G2,...,Gk) is the least 
positive integer b so that any colouring of the edges of Kb, b with k colours will result in a copy 
of Gi in the ith colour for some i. In this note, we establish the exact value of the bipartite 
Ramsey number b(Pm,Kl,,) for all integers re, n>.2, where Pm denotes a path on m vertices. 
(~) 1998 Elsevier Science B.V. All rights reserved 
I. Introduction 
For graph theory terminology not presented here we follow [1]. In particular, if 
G1, Gz . . . . .  Gn are pairwise edge-disjoint spanning subgraphs of a graph G such that 
U~=IE(Gi)=E(G), then G is factorable into the subgraphs G1,G2 . . . . .  Gn, and we 
write G = Gl ® G2 @ ...  ® Gn. This expression is called a factorization of G into the 
factors Gl, G2,..., G,. The subgraph induced by a nonempty set S of vertices of G 
is the maximal subgraph of G with vertex set S, and is denoted by (S). If G is a 
subgraph of H, then the graph H - E(G) is the complement of G relative to H. 
For bipartite graphs G1,G2 .. . . .  Gk, the (generalized) bipartite Ramsey number 
b(G1,G2 . . . . .  Gk) is the least positive integer b so that any colouring of the edges 
of Kb, b with k colours will result in a copy of Gi in the ith colour for some i. 
Equivalently, the (generalized) bipartite Ramsey number b(G1, G2,..., Gk) is the least 
positive integer b such that any factorization OfKb, b into k factors F1,F2 . . . . .  Fk has the 
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property that Fi contains Gi as a subgraph for some i. The existence of all numbers 
b(G1, G2 .. . . .  Gk) follows from a result due to Erd6s and Rado [3]. 
In this note, we establish the exact value of the bipartite Ramsey number b(Pm,Kl,,) 
for all integers m, n/>2, where Pm denotes a path on m vertices. 
2. Stars and paths 
The exact value of the bipartite Ramsey number b(Pm,P~) of two paths follows from 
a special case of some results of Gy&ffts and Lehel [5], and Faudree and Schelp [4]. 
In this section we calculate the bipartite Ramsey number b(Pm,Kl,n) of a star and a 
path. We begin by stating a well-known result (see Theorem 8.6 in [2]) on hamiltonian 
graphs. 
Lemma 1. I f  G is a spanning subgraph of K~,n with minimum degree 6(G)>n/2, 
then G is hamiltonian. 
The following lemma will prove to be useful. 
Lemma 2. I f  G is a bipartite graph with minimum degree 6 >1 1, then G contains a 
path of order at least 26. 
Proof. Let P:vl,  02 . . . . .  I) m be a longest path in G and let U and W be the intersection 
of V(P) with the partite sets of G. Without loss of generality, we may assume Vl E U. 
Since P is a longest path, all the vertices adjacent o vl belong to P, so N(v l )C W 
where N(vl ) denotes the neighbourhood f vl. Thus, 6 ~<deg Vl = IN(v1)[ ~< I W[. Hence, 
since IWl=luI or Iu I -  1, we have m--IUI + [wl>~21rvl~>26. [] 
Lemma 3. For integers m, n~>2, b(Pm,Kl,n)<<.n + l(m - 1)/21. 
Proof. Let b=n + [(m - 1)/2/. Let gb, b----F 1 ~F  2 be any factorization of Ko, b 
and suppose that Kl,n is not a subgraph of F2. Then A(F2)<<.n - 1, so 6(FI)~> 
b - n + 1 = [(m - 1)/2/ + 1. Thus, by Lemma 2, Pm cP2(/(m-1)/2/+l) CF1. Hence 
b(Pm,Kl,n)<~b. [] 
Theorem 1. For integers m, n~>2, 
{ ~+n-1  v_~+, b(Pm,Kl,n) = ~2 + n - 1 
2n-  1 
for n >I ~ + 1, m even, 
for ,~-~ + 1, m odd, ,  - 1-Omod(~-~), 
for ,>  v_~ + 1, m odd, ,  - 1 ~Omod(V~-~), 
iLm for ~ ~-] + l~<n<[~l+l ,  
fo r  l m n< ~[.~- 1 + 1. 
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ProoL We consider three possibilities. 
1 Case 1:n<~Lm/2  j + 1. Let b= [(m + 1)/2J. we  show first that b(Pm,Kl,n)~b. 
Let Kb, b =FI  ®F2 be any factorization of Kb, b and suppose that KI,n is not a sub- 
graph of F2. Then A(Fz)<~n- 1, so 6(F1)>~b- n + 1. I f  6(F1)~b/2, then n>~b/2 + 
1 1 >~i[m/2J + 1, which is a contradiction. Hence 6(F1)>b/2. Thus, by Lemma 1, F1 
possesses a hamiltonian path (of order 2 [(m + 1 )/2J ), so Pm is a subgraph of F1. Hence 
b(Pm,Kl,n)<~b. Now let F1 ~Kb-l,b-1 and let F2 be the complement ofF1 relative to 
Kb-l,b-l, SO F2~Kzb-2. Then Kb-l,b-1 =F1 ®F2 is a factorization such that Pmq~F1 
and Kl,nq{F2. Thus, b(Pm,Kl,,)>~b; so b(Pm,Kl,,)=b. 
Case 2:½ Lm/2J +1 ~<n< [m/2J+l .  Let b =2n- l ,  and let F1 ®F2 be any factorization 
ofKb, b. We show that Pm CFI or KI,, CF2. Suppose that KI,,fZF2. Then A(F2)<~n- 1, 
so 6(F1)>~b- n + 1 =n>b/2. Hence, by Lemma 1, Fl possesses a hamiltonian path 
(of order 4n - 2>~m + 1), so Pm CF1. Thus b(Pm,Kl,,)<~b. Now let F1 ~2Kn-1, , -1  
and let F2 be the complement of F1 relative to Kb-l,b-l. Then F2 ~--2Kn-l,,-l, so 
A(Fz)<~n- 1 and KI,,CZF2. Furthermore, a longest path in F1 has order 2n-2<~m- 1, 
so that ProOF1. Thus, b(Pm,Kl,n)>~b; so b(P,n,Kl,n)=b. 
Case 3: n>~ Lm/2J + 1. we  now consider two possibilities depending on the parity 
of m. 
Case 3.1: m even. Let b = m/2+n-1. By Lemma 3, b(Pm, Kl,n)<<, n+ [ (m-1  )/2J --b. 
To show that b(Pm,Kl,n)>/b, we construct a factorization Kb_l,b_ 1 : F l  GF2 such that 
Pm(FI and Kl,n~F2. Since n>>.m/2 + 1, we may write n - 1 =q(m/2) + r where 
q~>l and O<~r<m/2. Thus, b -  l=(q+ 1) (m/2)+r -  1. Let IUil=lVd=m/2- 1 
for i : 1 . . . .  , q + 1 and let I fq+21 = I Vq+2l = q + r. Construct the graph F1 as follows: 
V(F1 ) = q+2 Ui=l (Ui U Vi) while, for i = 1 . . . . .  q + 1, each vertex in Ui is joined to each 
vertex in V/. The construction of F1 is completed by joining each vertex in Vq+2 to each 
vertex of Uq and joining each vertex in Uq+2 to each vertex of Vq+l. Let F2 be the 
complement of F1 relative to K6_ l,b-1. Then A(F2)= n-  1, so Kl,n (l F2. Furthermore, 
a longest path in F1 has order 2 (m/2 - 1 ) + 1 = m - l, so Pm (l F1. Thus, b(Pm, KI,,) >~ b; 
so b(Pm,Kl,n)=b. 
Case 3.2: m odd. Let b=(m-  1)/2 + n. By Lemma 3, b(Pm,Kl,n)<<,n + 
](m - 1)/2J =b.  Since n>~(m - 1)/2 + 1, we may write n - 1 =q( (m - 1)/2) + r 
where q~>l and 0~<r<(m-  1)/2. I f  r=0,  then b -  1 - - (q  + 1) ( (m-  1)/2). In this 
case, we show that b(Pm,KL,)>~b y constructing a factorization Kb-l,b-1 =F1 ®F2 
such that Pmq~Fl and KL, qdF2. Let [Ui[ = [~1 =(m-  1)/2 for i=  1 . . . . .  q + 1. Con- 
q+l struct the graph F1 as follows: V(F1)= ~i=1 (UiU Vii) while, for i=  1, . . . ,q  + 1, each 
vertex in Ug is joined to each vertex in V/. Let F2 be the complement of Fl relative to 
Kb-Lb-1. Then A(Fz)=n- 1, so KI,nCZF2. Furthermore, a longest path in F1 has order 
2 ((m - 1 )/2) = m - 1, so Pm (l F1. Thus, if r = 0, then b (Pro, KI,, ) >1 b; so b (Pro, K1,, ) = b. 
Suppose that r>0.  We show firstly that b(Pm,Kl,n)<~b- 1. Let F1 ®F2 be any fac- 
torization Of Kb-l,b--1. We show that Pm cF1 or Kl,n CF2. Suppose that K1,,~F2. Then 
A(Fz)<,n- 1, so 6(F1)>~(b- 1) -  (n -  1 )=(m-  1)/2. I f  6(F1)>(m- 1)/2, then, by 
Lemma 2, FI contains a path of order at least 2((m + 1 ) /2 )= m + 1. Assume, then, that 
6(F1 ) = (m - 1)/2, for otherwise Pm C F1 and we are done. By Lemma 2, FI 
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a path of order at least m - 1. Let ~ and ~ denote the partite sets of Kb- l ,b -  1. Let 
P : Vl, v2 . . . . .  ve be a longest path in F1 and let £P'= V(P)~ &e and ~'= V(P)fq ~1. 
Suppose that E = m-  1. Then [Av'l = 1~'1 = (m-  1)/2. Assume, without loss of general- 
ity, that vl E 5e' and Vm-1 E ~'.  Since P is a longest path in F1, all vertices adjacent to 
Vl belong to P, so that N~(vl)C_~t'. Thus, (m-  1)/2=6(F1)<<.degv~(Vl)<~l~g'[ =(m-  
1 )/2, so that NF~ (vl) = ~' .  In particular, Vl Vm-1 E E(F1 ). Let X = ~ - ~ '  and Y = £P - 
Ae'. Let x E X. If xvi E E( Fl ) for some vi E A v', then x, vi ..... Vm-l, I)1 . . . . .  Vi--I is path in 
F~ whose length exceeds that of P, which is a contradiction. We deduce therefore that 
NF,(~')C_~' and, since 6(F1)=(m- 1)/2, NF,(5? ' )=~'.  Similarly, NF,(~')=La' .  
Hence, (£~a, t3~')~K(m-1)/2,(m-1)/2. By repeating this argument, we see that (1 + q) 
K(m-1)/2,(m-1)/2 CF1, which implies that there exists a vertex v such that degy,(V)< 
(m- 1)/2, which produces a contradiction. We deduce, therefore, that ~ t> m, and hence 
that Pm CF1. This shows that for any factorization F1 ~F2 of Kb-Lb-1, Pm cF l  or 
KI,, cF2. Hence, b(Pm,Kl,n)<~b- 1.
We now prove that if r>0,  then b(Pm,KLn)>~b - 1. We construct a factorization 
Kb-2,b-2 = F1 • F2 such that Pm q{ F1 and KI,n q{ F2. Here b -2  = (q+ 1 )( (m- 1) /2 )+r -  1. 
Let [Ui[=lVi l=(m- I)/2 for i=1  . . . . .  q -1 .  Let ]Uql=(m-1)/2-1,  
[Vql=(m-1)/2,  [Uq+ll=(m- 1)/2, [Vq+~l =(m-  1) /2 -  1, and ]Uq+2l=lVq+2l=r. 
Construct he graph F1 as follows: V(F1) q+2 = [.Ji=l (U,.t_J Vi), while, for i=  1 . . . . .  q + 1, 
each vertex in Ui is joined to each vertex in Vi. The construction of F1 is completed by 
joining each vertex in Vq+2 to each vertex of Uq and joining each vertex in Uq+2 to each 
vertex of Vq+l. Let F2 be the complement ofF1 relative to Kb-2,b-2. Then A(F2)= n-1 ,  
so Kl,nC[F2. Furthermore, a longest path in F1 has order 2((m - 1)/2)=m - 1, so 
Pmf{F1. Thus, if r>0,  then b(Pm,Kl,n)>>.b- 1; so b(Pm,KLn)=b- 1. This completes 
the proof of the theorem. [] 
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